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The growth of single wall carbon nanotubes~SWNTs! mediated by metal nanoparticles is
considered within~i! the surface diffusion growth kinetics model coupled with~ii ! a thermal model
taking into account heat release of carbon adsorption–desorption on nanotube surface and carbon
incorporation into the nanotube wall and~iii ! carbon nanotube–inert gas collisional heat exchange.
Numerical simulations performed together with analytical estimates reveal various temperature
regimes occurring during SWNT growth. During the initial stage, which is characterized by SWNT
lengths that are shorter than the surface diffusion length of carbon atoms adsorbed on the SWNT
wall, the SWNT temperature remains constant and is significantly higher than that of the ambient
gas. After this stage the SWNT temperature decreases towards that of gas and becomes
nonuniformly distributed over the length of the SWNT. The rate of SWNT cooling depends on the
SWNT–gas collisional energy transfer that, from molecular dynamics simulations, is seen to be
efficient only in the SWNT radial direction. The decreasing SWNT temperature may lead to
solidification of the catalytic metal nanoparticle terminating SWNT growth or triggering nucleation
of a new carbon layer and growth of multiwall carbon nanotubes. ©2004 American Institute of
Physics. @DOI: 10.1063/1.1755662#

I. INTRODUCTION

The growth of carbon nanotubes is a complicated pro-
cess involving many different phenomena and effects that
determine the nanotube’s structural and physical
properties.1–23 For example, changes in temperature signifi-
cantly affects carbon nanotube~NT! nucleation,24–30 post-
nucleation assembly of intermediate carbon structures30,31

growth rate and carbon NT length,32,33 transition from single
wall NT ~SWNT! growth to multiwall NT ~MWNT!
growth,34,35 metal catalyst nanoparticle behavior,
etc.16,33,36–38However, precise control of the growth tem-
perature is only possible in chemical vapor deposition meth-
ods where the temperature of the growing tube is the same as
that of the substrate and, in addition, this temperature control
exists only when the carbon NT forest remains shorter than
the characteristic carbon NT heat conductance length.33 In
other growth processes, such as arc discharge and laser ab-
lation synthesis, the growth of carbon NTs and the growth
temperature is defined by a complicated process involving
many effects characterized by different time and length
scales related to surface phenomena~adsorption/desorption,
surface diffusion, catalysis!,39–42 gas-NT heat exchange
processes,43,44 evaporation kinetics of the metal-graphite
target,13,17,18,22carbon vapor and buffer gas flow dynamics
coupled with carbon condensation, heat and mass
transfer,17–20,22,45,46plasma and related electric field effects.13

Thus, on the one hand the carbon NT growth process
includes microkinetics processes39–44,47–57 described by
quantum mechanical approximations and empirical inter-

atomic potentials,58–61 giving characteristic energies and ac-
tivation energy barriers which determine kinetic pathways of
carbon nanostructure assembly. On the other hand, the
growth kinetics also depends on macroscopic parameters
such as carbon vapor pressure, inert gas pressure and tem-
perature, etc., which may be modeled by classical continuum
formalisms of gas flow dynamics coupled with heat and mass
transport. Nevertheless, a combined description of carbon
NT growth kinetics requires an additional model which com-
bines both microscopic, nanoscale processes with macro-
scopic processes related to the different growth techniques.

In this paper we develop a thermokinetic model for the
growth of an individual carbon NT in the vapor. The model
includes microscopic parameters provided by atomistic mod-
els, as well as macroscopic parameters derived from con-
tinuum models of evaporation, gas flow dynamics, heat and
mass transfer. In particular, we consider a model for a grow-
ing carbon NT experiencing C vapor condensation and heat
exchange with chemically inert gases~He, Ne, Ar, and Xe!.
This model integrates~i! carbon NT growth kinetics within
the framework of the continuum surface diffusion
approximation,32,33 ~ii ! microenergetics obtained from
atomic-level calculations,39–42 ~iii ! phenomenological ap-
proximations for thermal processes of carbon condensation
heat release and heat dissipation rates31,33 and~iv! molecular
dynamics simulations of the heat exchange between carbon
NTs and ambient inert gases.43,44Numerical calculations and
analytic approximations based on this combined multiscale
model reveal significant properties of SWNT growth.
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II. SWNT GROWTH MODEL

A. Growth kinetics and the thermal model

In this paper we consider the catalyzed growth of a
SWNT mediated by surface diffusion of carbon atoms along
the outer SWNT wall as illustrated in Fig. 1. The catalytic
metal particle, which is attached to the SWNT end, is shown
as a gray sphere in the figure. It is assumed that the main role
of metal nanoparticle is to prevent closure of the SWNT
end.31–33This model is not restricted to a specific mechanism
of SWNT nucleation, but assumes that nucleation may occur
by any of several possible pathways such as carbon precipi-
tation from metal-carbon nanoparticles, from semifullerene
carbon clusters, or by graphitic nanofragment interaction
with metal nanoparticles.26–30 Irrespective of the nucleation
mechanism, our model considers the postnucleation stage
and relevant kinetics processes when the SWNT length,L,
which is initially much smaller than the characteristic surface
diffusion length,lD @Fig. 1~a!#, increases with time@Fig.
1~b!#. In considering this problem we assume that the growth
of SWNTs is fed by carbon atoms that initially adsorb onto
the SWNT surface and then diffuse to the tube end where the
metal nanoparticle is attached. At this stage the adsorbed
atom is incorporated into the growth edge~via the metal
catalyst! and finally forms part of the hexagonal SWNT net-
work. This assumption is based on several atomistic microe-
negetic studies39,41,42giving adsorption energy and activation
energy for surface diffusion, and which all suggest that the
adsorbed carbon atoms are able to migrate over micron dis-
tances along carbon NT surfaces to reach the open ends
where they are incorporated into the growing SWNT struc-
ture. Although carbon atoms may impinge onto both the
metal nanoparticle and the lateral SWNT surface, when for-
mulating the postnuleation growth problem for SWNT
lengths much larger than the metal nanoparticle~and SWNT!
diameter, we assume that the contribution of the SD flux over
the lateral surface dominates over the diffusion through the
surface of metal particle. Therefore, we assume that the

growth rate is controlled by SD over the SWNT surface. In
addition to the restrictions described above, the model con-
siders carbon atoms, for which the adsorption and surface
diffusion activation energies are known from quantum me-
chanical calculations.39,41,42In fact, under experimental con-
ditions there may also be contributions from other carbon
species in the supersaturated vapor.15 We assume that~i! car-
bon atoms dominate in SWNT formation or~ii ! other carbon
species impinging onto SWNT surface also have high sur-
face mobility. If this assumption were not correct then
SWNT formation would not be possible since low mobility
carbon clusters on the SWNT surface would be effective
aggregation centers leading to the formation of outer graph-
ite layers and hence to MWNT formation.

Although an exact solution for carbon atom migration
over carbon NTs has been derived in a recent study,62 we use
a phenomenological continuum approximation which can
easily be coupled with the related thermal phenomena of the
SWNT growth. The model described above yields the fol-
lowing distribution of carbon atom concentrations over the
SWNT surface:

]n/]t1¹Js5Qc2n/ta , ~1!

whereQc is the impinging carbon flux onto SWNT surface
from the vapor,ta'v21 exp(Ea /kBT) is the adsorption time
(n'1013Hz is the thermal vibration frequency andEa

'1.8– 3.6 eV is the adsorption energy depending on the
SWNT radius and chirality,39,41,42 and Js is the SD flux of
carbon expressed via the chemical potential of the C adsor-
bate as

Js52
nDs

kBT
gradm52Ds gradn1nDs ln~n/n0!T21 gradT,

~2!

whereDs5a0
2n exp(2dEd /kBT) is the SD coefficient includ-

ing the activation energy of surface diffusion,dEd

'0.2– 1.5 eV39,41,42andn0 is the surface density of adsorp-
tion sites~this expression is correct only forn/n0!1).

The problem is solved using the following boundary
condition at the SWNT growth edge (x50):

kn52Js , ~3!

where k5k0 exp(2DE/kBT) is the Arrhenius-type kinetic
constant for incorporation of C atoms into SWNT wall with
specific activation energy barrierDE ~defined for NT growth
in Refs. 31 and 32!. At the opposite end of the SWNT we
assumeJs50.

The SWNT growth rate is

V5dL/dt5VJsux50 , ~4!

whereV is the specific area per one carbon atom in SWNT
wall.

Experimental studies6,22,23have shown that the growth of
SWNTs by arc discharge and laser ablation techniques takes
place only in the presence of inert gases under pressures
higher than 104 Pa. In previous papers30,31 it has been sug-
gested that the inert gas facilitates effective dissipation of the
heat that is released during carbon NT nucleation and
growth. Effective heat dissipation is necessary since the in-

FIG. 1. Illustration of the model presented in this work for short SWNTs
@L!lD , panel~a!# and long SWNTs@L.lD , panel~b!#.
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crease in tube temperature caused by this heat release (Eb

'7.3 eV per atom! would lead to disintegration of the
SWNTs.

The heat release due to carbon condensation into
SWNTs,Eb'7.3 eV~Ref. 63! can be divided into two steps:
~i! adsorption heat release when the C atom chemisorbs on
the SWNT surface (Ea) per atom times the carbon impinge-
ment rate (Qc), and~ii ! the heat release at the SWNT growth
edge in contact with metal particle where carbon atoms are
incorporated into the SWNT structure (Einc5Eb2Ea) times
the carbon flux at SWNT edge (Js). The adsorption heat
release over the SWNT surface,QcEa , is partially compen-
sated for by heat dissipation due to carbon desorption, i.e.,
Ean/ta . The remaining mechanisms of heat dissipation from
the SWNT surface are radiation and collisions with chemi-
cally inert gases.

For short SWNTs the nonuniformity of the heat release
over the length of the SWNT~which is larger at the end
where C atoms are incorporated into the tube structure! is
smoothed out by heat conduction along the SWNT. How-
ever, when the length of the SWNT approaches the heat con-
duction length,33 the temperature distribution along the
SWNT becomes nonuniform. This necessitates the applica-
tion of models which allow one to define a temperature field
~T field! along the SWNT. In this work we evaluate tempera-
ture regimes of the growing SWNT and its effect on growth
kinetics based on the continuum differential equation for
thermally thin shells including surface adsorption heat re-
lease and dissipation rates in the form of the equivalent
sources and sinks of heat,

rc]T/]t1¹JT5
1

d
$Ea~Qc2n/ta!2qd%, ~5!

whered>0.2 nm is the wall thickness,qd is the heat dissi-
pation function defined below andJT52ks(T)gradT is the
conduction heat flux along the SWNT wall. The heat conduc-
tance is taken from data obtained for graphite along the basal
plane64 and is approximated asks(T)5118 exp(1500/T)
W/m K for T51000– 2000 K.

The carbon condensation heat release that is due to C
atom inclusion in the tube structure (Einc5Eb2Ea) and
which occurs at the growth edge, is taken into account by the
boundary condition at this edge (x50):

ks gradT5~Eb2Ea!Js /d. ~6!

At the opposite end of SWNT (x5L) we assume that
gradT50. As mentioned above, we consider only those
stages when the SWNT is much longer than the metal par-
ticle diameter, and thus heat provided by carbon impinging
onto this nanoparticle as well as heat dissipation from its
surface are assumed to be negligibly small compared with
the thermal effect of carbon impinging onto the SWNT wall.

The thermokinetic model given above describes a
coupled behavior of the system where the parameters of
growth kinetics problem (Ds , ta , Js , andkinc) are defined
by theT-field distribution, and the concentration distribution
and resultingJs at the growth edge defines theT field.

B. SWNT–ambient gas heat exchange

The heat dissipation term,qd , in Eq. ~5! includes heat
loss by radiation and by collisions with chemically inert car-
rier gases. Several experimental studies show that SWNTs
form at high inert gas pressures 104– 105 Pa,6,22,23where the
contribution of radiative heat loss may be neglected. Thus, in
this work we assume that the condensation heat dissipates
solely by collisions with the ambient inert gas.

Heat dissipation from the SWNT that is due to collisions
with gas atoms is equal to the energy transferred from the
SWNT per collision,DEk , multiplied by the flux of colliding
atoms per surface area unit,Qg . That isqd5DEkQg where
Qg5Pg /(2pmgkBTg)1/2 and Pg is the gas pressure,mg is
the mass of the gas atoms andTg is the gas temperature. One
of the simplest approximations for the collisional energy
transfer,DEk , is the strong collision assumption~SCA!.65

This assumes that the temperature of the gas atom after the
collision is the same as the tube temperature,T. Hence, since
the gas atom has three translational degrees of freedom, ac-
cording to the equipartition principle its energy after the
collision is 3/2kBT. The energy transferred over the collision
is merely the difference between this energy and the gas
atom energy before the collision, 3/2kBTg . Hence, DEk

53/2kB(T2Tg).
However, the SCA usually overestimates collisional en-

ergy transfer,66 and hence an accommodation factor,
0,a,1, is included in the expression for the collisional en-
ergy transfer, i.e.,DEk53/2akB(T2Tg) and accordingly

qd5 3
2 aQgkB~T2Tg!5hg~T2Tg!, ~7!

wherehg53aQgkB/2 is the heat exchange coefficient. Much
progress has been made towards determininga solely from
theoretical considerations~e.g., ergodic collision theory and
its successors!,66 but obtaining the correct input for these
theories makesa priori prediction very difficult. For ex-
ample, many of these theories require an effective number of
reactant and gas molecule degrees of freedom that couple
strongly during the collision and hence lead to a local statis-
tical sharing of energy.66

Similarly to these models, we assume that collisional
energy transfer is linearly dependent on the initial and final
energies of the gas molecule@i.e., DEk}3kB(T2Tg)/2].
However, we use results obtained from molecular dynamics
simulations of inert gas atoms with SWNTs43 to estimate the
functional form and magnitude of the accommodation coef-
ficient, a. Two features that are clearly evident from the
simulations are that~i! the amount of collisional energy
transfer depends on the mass of the colliding gas and~ii !
there is substantial energy transfer in the tube radial direction
and negligible energy transfer in the tube circumferential and
axial directions.

Figure 2 is a ln–ln plot of̂ DEtot& and ^DErad& versus
mg , where ^DEtot& is the total collisional energy transfer
between the colliding inert gas and the NT averaged over all
collisions, ^DErad& is the associated energy transfer in the
radial direction only, andmg is the mass of the colliding gas
~He, Ne, and Xe!. The tube temperature was 1300 K, the
initial relative translational energy between the gas atom and
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the tube was 0.06 eV, and the in-plane incident angle was
45°. It is evident that the total energy transfer is dependent
on the gas mass, which should therefore be included in the
accommodation coefficient. Also, the slope of this ln–ln
curve is'1/3, so thata should include a factor (mg /mref)

1/3.
The reference mass,mref , is included to obtain a dimension-
less accommodation coefficient, and since this work~and the
simulations! considered inert gas atoms only, we choose the
reference mass to be that of the heaviest inert gas studied, Xe
~131.3 a.u.!.

The features of the energy transfer seen in Fig. 2 are also
observed at other carbon NT temperatures, collision energies,
and incident angles. However, only collisions with a~10,0!
SWNT were studied, and since the (mg /mref)

1/3 dependence
may not be general for all tubes~for example, the restoring
force in the NT’s radial direction—which plays a key role in
energy transfer—varies with NT diameter!, we also investi-
gate the sensitivity of this functional dependence on the
growth kinetics. In particular, the simulations revealed that
the vast majority of inert gas—nanotube collisions have only
one encounter and that, during this single encounter, there is
very efficient energy transfer. As discussed in the previous
paper,43 the collision mechanism may best be described as
impulsive and leading to large energy transfer. According to
the simple Baule formula67 for impulsive collisional energy
transfer,DEk5@4m/(11m)2#Ei , whereEi is the initial en-
ergy of the colliding gas atom andm5mg /Meff is a reduced
mass that is the ratio of the gas mass,mg , to the effective
SWNT mass,Meff . It is important to note that this effective
mass includes many hidden physical properties, such as the
rate of energy flow from the collision center and the effi-
ciency with which energy is exchanged between the gas
atom and the SWNT. In fact, the simulations showed that the
gas–SWNT collisions caused radial indentation of the tube
at the collision center~since the radial forces are weak!. This
resulted in the larger energy transfer—particularly in the ra-
dial direction—seen in Fig. 2. Hence, the effective mass of
the SWNT is not sensitive to the tube length~since indenta-
tion is localized to the collision center! and it is small~i.e., it
is the mass of the collision center which has weak radial
restoring forces!. We thus use a small effective mass in the

Baule formula since this yields the efficient energy transfer
seen in the simulations. The limit for efficient energy transfer
is whenmg5Meff and DEk5Ei , so that energy transfer is
proportional to the gas mass. Hence, we also test a linear
dependence ofmg /mref in the accommodation coefficient.

Figure 2 also shows that the total and radial energy
transfers are very similar. Simulations showed that the total
energy transfer is dominated by transfer in the radial direc-
tion under all conditions studied, and that transfer in the
circumferential and axial tube direction is insignificant.
Hence, only one gas translational degree of freedom is in-
volved in the collisional energy transfer, so thatDEk is pro-
portional to kB(T2Tg)/2 and not 3kB(T2Tg)/2 as in the
strong collision assumption. The accommodation coefficient
should accordingly have a factor 1/3.

Based on these results, two approximations fora are
considered, i.e.,

a51/3b~mg /mref!
n, ~8!

wheren51/3 or n51. As discussed above,mref is xenon’s
mass and 0,b,1 is a factor that may be included if energy
transfer in the radial direction is much less than the strong
collision assumption. In fact, the molecular dynamics simu-
lations of Xe collisions with SWNTs show that the radial
component of the Xe energy is essentially thermalized to the
tube temperature after collision~i.e., b51!. However, as
mentioned above, the simulated collisions are head-on~the
out-of-plane impact parameter is zero! and glancing colli-
sions may have lower collisional energy transfer. In this
work we test the significance of thisb parameter on the
SWNT growth mechanisms.

III. RESULTS AND DISCUSSION

A. Temperature variations during SWNT growth

The problem defined by Eqs.~1!–~8! was solved numeri-
cally by an adaptive finite-difference scheme using iterations
to take into account all nonlinearities between the growth
kinetics@Eqs.~1!–~4!# and the thermal physics contributions
@Eqs. ~5!–~7!#. We consider regimes where all macroscopic
parameters such as the carbon vapor pressure, gas pressure,
and gas temperature are assumed to be constant over time.
However, even for these simplified conditions the model ex-
hibits complex behavior revealing a number of significant
issues for understanding carbon NT formation. Although re-
cent data41,42 shows larger values for the adsorption energy
Ea and the activation energy for surface diffusiondEd , we
use microenergetic data of Ref. 39 for the simulations re-
ported here. Notwithstanding the differences between the
used here values39 and more recent values,41,24 for all illus-
trative cases discussed below, where SD lengths obtained
from both sets of values are similar, the results from the
thermo-kinetical model using either the two data sets give
quantitative agreement.

Figure 3 shows typical results obtained from the simula-
tion of SWNT growth, giving the dependencies of~a! SWNT
length, ~b! growth rate, and~c! SWNT temperature over
time. Tmax is the temperature of the tube atx50 ~the growth
edge! and Tmin is the temperature atx5L ~the end of the

FIG. 2. Molecular dynamics results of energy transfer in SWNT–inert gas
collisions.
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tube where there is no growth!. The results are for a carbon
vapor pressurePc'200 Pa and for He atPg5105 Pa and
Tg51000 K. The thermal accommodation coefficient in this
simulation isa51/3, which corresponds to the maximal pos-
sible heat dissipation rate~due to radial energy transfer, see
Sec. II B!. First, these figures show even for maximal value
of a that the SWNT temperature may differ significantly
from that of the ambient gas, and that the temperature of the
SWNT does not equilibrate with the gas due to continued
heat release from condensation of the carbon vapor. In par-
ticular, for the conditions considered in Fig. 3, the tempera-
ture is shown to be more than 200 K in excess ofTg

51000 K. Moreover, the SWNT temperature has a compli-
cated behavior over time, going through various stages after
the temperature drops from the initial value:~i! first, the
SWNT temperature remains constant and is uniformly dis-
tributed over the SWNT length,~ii ! then the SWNT tempera-
ture decreases but still remains uniformly distributed along
the SWNT,~iii ! SWNT temperature nonuniformity appears,
and~iv! finally the growth rate and the temperature gradient
along the SWNT stabilizes.

These stages are due to the two characteristic length
scales of the SWNT growth. The first is the surface diffusion
lengthlD defined by

lD'ADsta, ~9!

which characterizes the length which carbon adatoms can
travel over the surface prior to their desorption.

The second is the heat conductance length given by

lC'Aksd/hg. ~10!

This length characterizes the length which heat can effec-
tively distribute along the SWNT shell by heat conductance
(ks) when there is heat exchange with the ambient gas (hg).

Both of these lengths are shown in Fig. 3~a! as a function
of time. They are estimated from the average SWNT tem-
perature corresponding to the actual simulation time, and are
shown together with the value of SWNT length. Comparison
of these lengths with the SWNT length suggests that the
transition from the first to the second temperature stage@see
~i! and ~ii ! in Fig. 3~c!# occurs when the SWNT length is
similar to the SD length (L'lD) and the transition from the
second to the third stage occurs when SWNT length is simi-
lar to the heat conductance length (L'lc).

Thus, the first stage, which is characterized by a constant
SWNT temperature, is whenL,lD , i.e., when all adatoms
diffuse to the SWNT edge and are incorporated into the wall.
That is, all atoms impinging onto the SWNT wall contribute
to the heat release by an amount that equals the binding
energy (Eb57.3 eV per atom which, as discussed above, is
released in two steps!. Thus, during this stage, the heat re-
lease of carbon condensation,'2pRLQcEb , and the heat
dissipation to the ambient gas,'2pRLhg(T2Tg), are both
proportional to the SWNT length,L. Considering this bal-
ance and taking into account the expression forhg @Eq. ~7!#
one finds an explicit analytical estimate for the SWNT tem-
perature during this stage,

T2Tg'
QcEb

hg
'

2

3

EbPc

akBPg

mg
1/2

mc
1/2

. ~11!

Irrespective of the initial cluster temperature (Tin

51500 K), the SWNT temperature stabilizes during this
stage with a characteristic time of ordert* 'mcC/(Sahg),
wheremc is the atomic mass of carbon andSa is the specific
area per atom in the SWNT wall. ForC52 kJ/kg K, hg

52.853104 W/m2 K and Sa52.62310220m2 one obtains
t* '531027 s. The end of this temperature stage occurs
when L'lD @see Fig. 3~a!#, which can be calculated by
inserting the value ofT defined in Eq.~11! into Eq. ~9!.

FIG. 3. Typical simulation results obtained from the model defined by Eqs.
~1!–~8! showing~a! SWNT length together with SD length, Eq.~9!, and heat
conductance length Eq.~10!, ~b! SWNT growth rate, and~c! the maximum
and minimum temperatures along the SWNT.
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When the SWNT becomes longer than the SD length,
only those C atoms that impinge onto the SWNT surface
within the SD length from the growth edge can reach the
edge before desorption@see Fig. 2~b!#. C atoms impinging
outside this length desorb back into gas and do not contribute
to the heat release~for these atoms the adsorption heat is
exactly compensated for by the desorption heat!. Therefore,
during this stage heat release of condensation is proportional
to the SD length, 2pRlDQcEb , whereas the heat dissipation
is still proportional to the total SWNT length 2pRLhg(T
2Tg). The balance gives the following analytical estimate
for SWNT temperature during this stage:

T2Tg5
QcEb

hg

lD

L
'

2

3

EbPc

akBPg

mg
1/2

mc
1/2

lD

L
, ~12!

Eq. ~12! explicitly shows the decrease inT with increasingL
@as seen in stage~ii ! in Fig. 3~c!#.

Figure 3~c! shows that during the first and second stages
the temperature remains uniform along the SWNT~i.e.,
Tmax'Tmin). This is because the heat flux released near the
edge (}Ea), and directly at the edge (}Eb2Ea), is able to
redistribute along the entire SWNT. A temperature gradient
appears during the third stage, which begins whenL>lC . In
fact, our simulations show that for many conditions the third
stage does not appear even when the SWNT becomes longer
thanlC . Under these conditions the third stage occurs when-
the-SWNT temperature is very close toTg beforeL becomes
longer thanlC . Typical results showing this behavior are
presented in Fig. 4, and are obtained forPc'200 Pa, Pg

5105 Pa~He anda51/3! andTg51200 K. In particular, this
figure shows that when SWNT length isL'lC @Fig. 4~a!# its
temperature is very close toTg , and the final temperature
difference along the SWNT,Tmax2Tmin'5 K, is insignifi-
cant. One can estimate whether the third and fourth stages
shown in Fig. 3~c! will occur for a given set of parameters by
substitutingL5lC in Eq. ~12! and determining the value of
T2Tg when the temperature nonuniformity appears.

When the temperature distribution along the SWNT re-
mains uniform, as in Fig. 4, the model defined by Eqs.~1!–
~8! may be reduced to a significantly simpler approximation.
First, for a uniform temperature distribution Eqs.~1!–~4! al-
low a quasisteady state solution for the SWNT growth rate,

dL

dt
52VDs

dn

dt
5

VkQcta sinh~L/lD!

sinh~L/lD!1~klD /Ds!cosh~L/lD!
,

~13!

which depends on the temperature.
Second, when the temperature along the SWNT is uni-

form Eqs.~5!–~7! reduce to a simpler approximation. Inte-
gration of Eq.~5! over the entire SWNT surface, and appli-
cation of Gauss theorem, allows one to substitute*¹2T dS
by the value of¹T at the boundaries~i.e., at x50 and x
5L). This yields the following equation for the SWNT tem-
perature:

Mc
dT

dt
52pRE

0

L

Eb@Qc2n~x!/ta#dx

22pRLhg~T2Tg!, ~14!

where M is the SWNT mass andn(x)5Qcta1C1

3exp(2x/lD)1C2 exp(x/lD) is the surface concentration
distribution of the adsorbed carbon on the SWNT.

By determining the integration constantsC1 and C2

from the boundary condition for the adsorbed C atom con-
centration field, and usingM'mcN and 2pRL'SaN ~where
Sa is specific surface per atom andN number of atoms in the
wall! one obtains the following approximation for the SWNT
temperature:

dT

dt
5

Sa

mcC
$EbQcktaU* L212hg~T2Tg!%, ~15!

where U* is a dimensionless parameter dependent on the
SWNT length as

U* 5
exp~L/lD!211exp~2L/lD!@12exp~2L/lD!#

@11exp~2L/lD!#klD /Ds2@12exp~2L/lD!#
.

~16!

Hence, when the temperature is uniformly distributed
along the SWNT~restricted by the conditionL,lC) the
simplification given by the set of two ordinary differential
equations~13! and~15! is valid, provided that the character-
istic times of the adjustment of the concentration and tem-
perature fields, given byL2/Ds and L2rC/ks , respectively,
are much smaller than the characteristic time of SWNT
growth, i.e.,L(dL/dt)21.

FIG. 4. Simulation of the model defined by Eqs.~1!–~8! showing~a! SWNT
length together with SD length, Eq.~8!, and heat conductance length, Eq.
~11!, ~b! the maximal and minimal temperature of SWNT. In contrast to Fig.
3 the difference in the maximum and minimum tube temperatures (Tmax

2Tmin) is very small and occurs whenL@lC .
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As discussed above, a significant temperature gradient
along the SWNT appears with increasingL only when~for
L'lC) the temperature is not similar toTg . During stage
~iii ! this gradient increases whereas during stage~iv! it sta-
bilizes as shown in Fig. 3~c!. Figure 5 shows the temperature
distributions along the SWNT as a function of a nondimen-
sional coordinatex/L for time t560ms @stage~iii ! whenL
'3.4mm and is close tolC'1.83mm], t580ms @stage~iii !
whenL'6.7mm.lC'1.87mm] and t5100ms @stage~iv!
whenL'10.2mm@lC'1.89mm]. Figures 3~c! and 5 show
that the maximum temperature,Tmax5T(x50), increases
with increasingL. This is due to the increase inlD occuring
with decreasing SWNT temperature~since atoms remain ad-
sorbed on the SWNT surface for longer times at lower tem-
peratures! which leads to more carbon being incorporated
into the SWNT structure at the tube edge, and hence an
increase in the growth rate and heat release atx50. For
example, starting at the end of the second stage (t
'50ms) T'1100 K andlD'0.94mm, the temperature far
from the growth edge@Tmin in Fig. 3~c!# decreases towards
T51000 K and leads to increase in the SD length tolD

'1.6mm.
Stabilization of the temperature gradient along the

SWNT—during stage~iv! in Fig. 3~c!—occurs when the
SWNT length isL@lC . During this stageTmin tends toTg

whereasTmax tends to a value for which an analytical ap-
proximation can be obtained ifTmax is not far fromTg and all
nonlinearities in Eqs.~1!–~7! are neglected. In this case, as-
suming that ~i! T(x) is close to Tg and Js

52Ds(Tg)dn/dx, and ~ii ! the fields ofT(x) and n(x) are
steady state, one finds forTmax5T(0),

Tmax2Tg5
~Eb2Ea!lC

Vdks~Tg!

dL

dt

1
EaQc

hg~11lC /lD!

klD /Ds

11klD /Ds
, ~17!

where the growth rate is

dL

dt
'

VkQcta

11klD /Ds
, ~18!

which yieldsdL/dt'VQclD for klD /Ds@1.

The first term in Eq.~17! describes the heat release at the
growth edge and the second term is for the adsorption heat
release over the SD length. As an example, we use these
equations for the following set of parameters:Tg51000 K,
Eb57.3 eV, Ea51.78 eV, V52.62310220m2, d50.2 nm,
Pc5200 Pa and Qc55.0731024 l/m2 s, hg52.85
3104 W/m2 K, lc51.931026 m, lD51.7431026 m, k
59.43102 m/s, ks55.33102 W/m K, Ds51.331027 m2/s.
For these parameters one obtainsklD /Ds@1 and dL/dt
'0.23 m/s whereas the computational value is approxi-
mately 0.17 m/s. The first term of Eq.~17! yields DT1

'148 K and the second termDT2'24 K, which givesTmax

2Tg'172 K whereas the simulation givesTmax2Tg

'117 K. This difference in estimated and simulated tem-
peratures is due to the second term in Eq.~2!, (}gradT)
which significantly inhibits C diffusion towards the SWNT
edge. That is, the diffusion associated with the temperature
gradient counteracts, in this case, that associated with the
concentration gradient along the SWNT, and thereby de-
creases the resulting C flux to the growth edge. For condi-
tions when analytical estimates areTmax2Tg,100 K, the ap-
proximations given in Eqs.~17! and~18! have an acceptable
accuracy~within 15–20 %!.

B. Thermal restrictions of carbon NT growth

The temperature behavior during SWNT growth that is
discussed above has important implications for physical
evaporation techniques revealing~i! a high temperature re-
striction occurring under low inert gas pressure and~ii ! a low
temperature restriction occurring at high inert gas pressure.

First, the results presented in the preceding sections
show that the SWNT temperature may be significantly higher
than that of the ambient inert gas. Moreover, these results
were obtained for a thermal accommodation coefficient of
a51/3, which is the maximum value ofa given that colli-
sional energy transfer is restricted to the SWNT’s radial di-
rection. Accordingly, the value ofa gives the lower limit for
the temperature difference between the SWNT and the am-
bient gas. MD simulations of the ambient gas–SWNT heat
exchange suggest that an additional atomic mass weight fac-
tor (mg /mref)

1/3 is present in heat exchange between the
SWNT and gas molecules. Since this factor is less than one it
leads to smaller values ofhg and, consequently, to larger
values of temperature difference between the SWNT and the
inert gas. To illustrate the effect of this factor, Fig. 6 shows
simulation results calculated for the same set of parameters
used for Fig. 3, but also includes this mass factor, which is
(mg /mref)

1/3'0.3 for He.
This factor significantly increases the difference between

SWNT temperature and that of the gas and also the time
required for SWNT cooling. Additionally, because of the ini-
tial increase in T'1700 K the initial value for lc

'0.04mm and, therefore, the first stage~when the tempera-
ture is constant! is very short. There is very little time delay
before the SWNT temperature decreases towardsTg . The
influence of this mass factor may be explicitly estimated us-
ing analytical expressions obtained in the preceding section.
For example, Fig. 7 shows the minimum possible difference
between the SWNT and gas temperatures,T2Tg , corre-

FIG. 5. Temperature distributions along the SWNT for stages~iii ! and ~iv!
shown in Fig. 3~c!.
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sponding to the initial quasisteady state stage defined by Eq.
~11! as a function ofPc /aPg for the inert gases He, Ne, Ar,
and Xe. The real temperature difference is obtained by in-
serting realistic values ofa @Eq. ~8!# into Eqs.~11! and~12!.
The graphs presented in Fig. 7 show that, even for very high
ambient gas pressure~i.e., Pc /aPg51023), the maximum
SWNT temperature may be more than 100 K higher than that
of the gas.

The model developed here assumes that the temperature
of the ambient gas is constant. However, condensation heat

release, which eventually dissipates into the ambient gas via
SWNT–gas collisions, may increase the gas temperature. An
increase in gas temperatureTg will increase the temperature
of the growing NTs that will, in turn, affect the growth rates.
For a vapor carbon atom density,Nc , the volumetric heat
release of carbon condensation into CNTs will beNc(Eb

1Ek), whereEk'0.3– 0.5 eV is the kinetic energy of the C
atoms in the vapor at temperaturesT'3000– 5000 K. This
heat will be dissipated—via collisions—to the inert gas lead-
ing to increase in its temperature of 3NgkBDTg/2 for mono-
atomic gases with volumetric densityNg . Using an expres-
sion for the gas density via the partial pressure one obtains

DTg'
2

3

Pc

Pg

Eb1Ek

kB
. ~19!

This estimate yieldsDTg'60 K for Pg /Pc'103. In
contrast, forPg /Pc'10 one hasDTg'6000 K. These values
show that a high inert gas pressure ('104– 105 Pa) is re-
quired for CNT formation. At lower pressures the inert gas
and C clusters become extremely hot stopping SWNT
growth.

Second, the decrease in the SWNT temperature shown in
Figs. 3, 4, and 6 suggest that this thermal mechanism is able
to terminate SWNT growth, since the metal nanoparticle at
the SWNT edge can solidify. That is, for the post-nucleation
stages when the length of the carbon NT is much larger than
the metal particle radius, the temperature of the metal nano-
particle is determined by the heat transfer over the SWNT
surface, and the nanoparticle temperature is equal to that of
the nanotube~because the contribution of metal particle sur-
face in the total balance is negligibly small!.

The simulations suggest that the growth termination may
be due to this temperature decrease. This growth termination
mechanism is consistent with the dependence of the solidifi-
cation temperature,Ts , versus the nanoparticle radius that is
shown for the C–Fe, C–Co, and C–Ni eutectics in Fig. 8. In
particular, the data presented in Fig. 8 together with the tem-
perature decrease shown in Fig. 6~b! shows that metal nano-
particles at SWNT ends are initially liquid and should so-
lidify with time. For example, Fig. 6~b! shows thatT
51200 K at t'60ms corresponds to the solidification tem-

FIG. 6. Simulation results under the same conditions used for Fig. 3, but for
(mg /mref)

1/3'0.3: ~a! SWNT length together with SD and heat conductance
lengths and~b! maximum and minimum temperatures.

FIG. 7. Maximum temperature difference between the SWNT and the am-
bient gas as a function ofPc /aPg .

FIG. 8. Solidification temperature for eutectic C–Me composition as a func-
tion of metal particle radius.
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perature of Ni nanoparticles withRp'5 nm, Co with Rp

'6 nm and FeRp'9 nm. Metal nanoparticles with larger
radii will also solidify, and solidification of the nanoparticle
is able terminate the growth of SWNT due to a sharp de-
crease of the bulk diffusion coefficient of C through the par-
ticle. A typical value of bulk diffusion for liquid metals is
Db'1025 cm2/s whereas for solids it isDb'1028 cm2/s.
Hence, the characteristic time of C diffusion through the Ni
nanoparticle ofRp'5 nm to the NT root istd'Rp

2/Db

'2.531028 s when it is liquid, and td'Rp
2/Db'2.5

31025 s after its solidification. For Co nanoparticle ofRp

'6 nm one hastd'Rp
2/Db'3.731028 s for liquid andtd

'Rp
2/Db'3.731025 s for solid. Finally, for Fe nanoparticle

of Rp'6 nm one hastd'Rp
2/Db'8.331028 s for liquid and

td'Rp
2/Db'8.331025 s for solid state. In addition, the

characteristic time of C impingement onto the nanoparticle
surface from vapor atPc5200 Pa is t imp'1/(a0

2Qc)'2
31025 s. Thus, for the liquid nanoparticles one hastd

'2.5– 8.331028 s!t imp'231025 s so that carbon atoms
impinging onto the particle surface will diffuse to the SWNT
root much faster than new carbon atom will impinge into the
same surface sites. In contrast, when SWNT temperature de-
creases and the metal nanoparticles solidify,td'2.5– 8.3
31025 s becomes higher than characteristic impingement
time t imp'231025 s. This means, that when the metal
nanoparticle at SWNT tip freezes the impinging carbon at-
oms are no longer able to diffuse rapidly away from the
particle surface, i.e., before new carbon atoms impinge at the
same surface sites. This leads to C atom supersaturation at
the metal nanoparticle surface causing precipitation directly
on its surface, hence disabling SWNT growth. Also, Fig. 6
shows that small radii metal nanoparticles may remain liquid
at temperatures lower than 1200 K, hence allowing carbon
diffusion through the particles. However, low temperatures
result in higher surface concentrations of adsorbed carbon on
SWNT surfaces leading to nucleation of additional C layers
and MWNT formation.

Once the metal nanoparticle surface is covered by pre-
cipitated carbon, additional carbon atoms impinging onto the
particle and the SWNT surface cannot penetrate to the
SWNT root. The surface concentration of adsorbed carbon
rapidly increases to the adsorption–desorption equilibrium
level defined by

neq5Qcta5
Pc exp~Ea /kBT!

v~2pmkBT!1/2
. ~20!

This occurs during the perioddt'ta . The SWNT tempera-
ture is the same as that of the gas duringdt't* '5
31027 s. If the resulting C surface concentration atT5Tg is
too low to start the nucleation of a new CNT layer on sur-
face, then the SWNT will be preserved and removed outside
of the synthesis zone by gas flow. For the conditions shown
in Fig. 3, the SWNT length will be aboutL'1.7mm. On the
other hand, ifneq is sufficiently high to trigger new layer
nucleation, then layer-by-layer MWNT formation will occur
and will eventually result in the entrapment of the metal
particle inside the MWNT structure.

It may be noted that, similarly to stage~i! of SWNT
growth, C atoms that impinge on the outer layers of MWNTs
will diffuse to the growth edge if the outer layer length is
smaller than the SD length. Hence, all C atoms impinging
onto the outer CNT surface diffuse to the layer edge and are
incorporated into the wall. During this stage the heat release
and also heat dissipation into the ambient inert gas are pro-
portional to CNT length. Therefore, similarly to stage~i! of
SWNT growth, the temperature of the MWNT wall is de-
fined by the quasi-steady-state approximation of Eq.~11!.

The proposed model allows us to comment on the ex-
perimental results of carbon nanostructure formation per-
formed by laser ablation of graphite targets.18,20First, experi-
mental study18 shows that for Ar pressure in the range 0.1–
100 Torr a carbon nanofoam consisting of a fractal-like web
of randomly interconnected few nm radius carbon clusters
forms at the substrate. Theoretical analysis18 showed that
these carbon clusters are formed by carbon atom collisions in
vapor. Our model additionally suggests that under these Ar
pressures the temperature of carbon nanostrutures~NTs! as-
sembled by the impinging carbon atoms should increase to a
temperature above the temperature of graphite sublimation
~'4000 K!. This means that during the assembly in vapor,
carbon nanostuctures should disintegrate back into smaller
fragments and, in fact, can assemble into larger structures
only when they reach a solid substrate where the condensa-
tion heat may be easily dissipated by heat conduction into
the solid. Thus, we suggest that in addition to the collision
rate of C atoms the dimensions of carbon nanoclusters form-
ing this foam is also controlled by thermal effects including
condensation heat release and heat dissipation to the inert
gas. Second, our model exhibits good qualitative agreement
with temperature measurements of carbon particles in pulsed
laser synthesis, which shows a plateau stage.20 In fact, tem-
perature measurements performed in this work show that the
cooling of carbon clusters from the initial temperature to that
of the inert gas requires several milliseconds. Our simula-
tions given in Figs. 3, 4, and 6 show that cooling requires
0.1–0.15 ms. Notwithstanding the fact that the power depen-
dence of heat exchange on atomic mass given in Fig. 2 sug-
gests that heat exchange per one Ar atom collision is about 2
times more effective than that of a He atom a more detailed
analysis shows that cooling time for the parameters of the
experiment case20 should be larger. This is because, first, our
temperature simulation given in Fig. 6 is done for He at
105 Pa whereas experiments are done for Ar at 500 Torr
(6.6 104 Pa). Second,mAr /mHe'10 and Eq.~7! suggests that
for the same pressure He provides 3.3 times more collisions
per surface area unit. Thus, the resulting number~1.533.3/2!
suggests that for the simulation shown in Fig. 6 the heat
exchange coefficient is about 2.5 times larger and the cooling
time consequently 2.5 times shorter than that for Ar at 500
Torr. The remaining discrepancy may be attributed to a wide
range of surface microenergetic parameters depending on
SWNT radius and chirality39,41,42 and also to a number of
physical effects of pulsed laser synthesis neglected in our
study, such as heating of the inert gas near the evaporated
target due to very high initial kinetic energies that the carbon
atoms may have after pulsed laser evaporation.
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IV. SUMMARY AND CONCLUSIONS

The growth of carbon nanotubes is a complicated pro-
cess involving many effects and characterized by many re-
strictions. One of the main parameters defining growth kinet-
ics is the growth temperature. The temperature of the
growing nanotube is defined by a set of interacting param-
eters for condensation heat release and heat dissipation from
the nanotube surface.

Our study provides a set of coupled growth kinetics—
thermal physics phenomenological equations that are nu-
merically solvable, as well as explicit analytical estimates
giving values of SWNT temperatures during growth. We also
provide the main results of a molecular dynamics study char-
acterizing heat exchange between the SWNT and inert am-
bient gases. Our study, combining in a simulation phenom-
enological and MD models shows that the SWNT
temperature may be significantly different from that of the
inert gas, and a high pressure of the inert gas is shown to
inhibit an uncontrollable increase in the temperature of as-
sembling C nanoclusters. This model also shows that the
temperature of SWNTs growing from the vapor has a com-
plicated behavior and may have various stages.

The highest temperature of the SWNT during the entire
growth process is found during the initial stage. During this
stage the SWNT is shorter than the surface diffusion length
of C atoms adsorbed on the SWNT wall, and both heat re-
lease and heat dissipation are proportional to the SWNT
length. Thus, the temperature of the SWNT~i! remains con-
stant during growth,~ii ! is uniform over the entire length of
the carbon NT, and~iii ! may be significantly higher than that
of the inert gas. Even for inert gas pressures used in SWNT
synthesis, i.e., 104– 105 Pa, this difference may be several
hundreds of Kelvin. After this stage, i.e., when the SWNT
becomes longer than the SD length, the temperature de-
creases towards that of the ambient gas. The temperature of
the SWNT remains uniform over the length of the SWNT, as
long as the tube is shorter than the characteristic heat con-
ductance length. The SWNT cooling rate depends critically
on the efficiency of SWNT–gas collisional energy transfer,
which our MD simulations show is larger for heavier gas
atoms. The simulations also reveal that efficient energy trans-
fer occurs only in the tube radial direction. After this stage
the temperature distribution along the SWNT is no longer
uniform. However, this temperature gradient along the length
of the carbon NT is significant only if the SWNT tempera-
ture remains significantly higher than that of the gas~if, for
example, the SWNT–gas collisional energy transfer is not
efficient!. Our estimates also suggest that the decrease in
temperature which occurs after the first stage may terminate
SWNT growth. This occurs since the metal nanoparticle at
the end of the SWNT solidifies which, in turn, significantly
decelerates C diffusion to the SWNT root through the metal
nanoparticle. This also results in carbon precipitation on the
metal particle surface, disabling it from continuing the
growth process. At this stage nucleation of outer carbon lay-
ers may lead to the formation of MWNTs with metal nano-
particles entrapped in the MWNT structure. This mechanism
may limit the SWNT length during growth from the vapor.

It should also be noted that the model developed in this

work, which includes many microcsopic surface kinetic pa-
rameters, may be readily coupled with macroscopic con-
tinuum gas flow dynamics models combined with heat and
mass transfer, allowing one to investigate the effect of gas
flow on carbon NT growth and to investigate more compli-
cated growth modes occurring when parameters such as car-
bon vapor pressure, inert gas pressure, and temperature
change with time. This model may be also extended to in-
clude~i! specific features of carbon NT growth that are found
in arc discharge plasma and other growth techniques,~ii !
new features of surface kinetics associated with electric field
effects, and~iii ! the involvement of carbon dimers and larger
aggregates in the growth process.
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